The second order nonlinear delay differential equation with periodic coefficients
The existence and nonexistence of positive periodic solutions are obtained with suitable conditions imposed on f by using the fixed point theorem in cones.
Motivated by the papers mentioned above, we aim to discuss the existence and uniqueness of periodic solutions for the second order delay differential equation with periodic coefficients
x (t) + p(t)x (t) + q(t)x(t) = r (t)x (t − τ (t)) + f (t, x(t), x(t − τ (t))), t ∈ R.
(1)
Throughout this work, we always assume that (A 1 ) p, q : R → R + , r, τ : R → R are all continuous T -periodic functions,
(A 2 ) f : R 3 → R is continuous for any (t, x, y) ∈ R 3 and is T -periodic in t for all (x, y) ∈ R 2 .
(A 3 ) There exist positive constants L and E such that
Now we state Krasnoselskii's fixed point theorem which enables us to prove the existence of a periodic solution. For its proof we refer the reader to [10] . Then there exists z ∈ M with z = Az + Bz.
Lemmas
Let T be a positive constant. Consider the space P T = {φ : C(R, R), φ(t + T ) = φ(t)} with the maximum norm x = max t ∈[0,T ] |x(t)|. Obviously, P T is a Banach space.
Lemma 1 ([9]). Suppose that (A 1 ) holds and
where
Then there are continuous T -periodic functions a and b such that b(t)
Lemma 2. Suppose the conditions of Lemma 1 hold and φ ∈ P T . Then the equation
has a T -periodic solution. Moreover, the periodic solution can be expressed by
By direct calculation, we can see that (4) is a T -periodic solution of (3) .
Suppose x(t) is a T -periodic solution of (3); from Lemma 1, we have
which is equivalent to
Integrating it from t to t + T , we obtain
Therefore,
Corollary 1. Green's function G(t, s) satisfies the following properties: G(t, t + T ) = G(t, t), G(t + T, s + T ) = G(t, s),
∂ ∂s G(t, s) = a(s)G(t, s) − exp s t b(v) dv exp T 0 b(v) dv − 1 , ∂ ∂t G(t, s) = −b(t)G(t, s) + exp s t a(v) dv exp T 0 a(v) dv − 1 .
Lemma 3. The function x(t) ∈ P T is a solution of Eq. (1) if and only if x(t)
Proof. Easily, we can see that (5) is a T -periodic solution of (1). On the other hand, if x(t) is a T -periodic solution of Eq. (1) we have
So, the conclusion is obvious.
then we have
Proof. As a(t) + b(t) = p(t), b (t) + a(t)b(t) = q(t), we have
Applying the inequality
So, we can easily get 
Corollary 2. Functions G(t, s) and E(t, s) satisfy
e m e l − 1 .
are bounded and
e m e l − 1 , γ = max
